Abstract
tests of normality, Monte Carlo simulation, power comparison, fi nancial time series, logarithmic returns The topic of this paper is the problem of testing normality, i.e. problem of testing whether a sample of observations comes from a normal distribution. Normality is one of the most common assumptions made in the development and use of statistical procedures. For example in the majority of cases of relevant analysis of fi nancial time series is expected that returns derived from fi nancial time series is Gaussian normal distributed random variable with constant expected value and constant variance.
There exists a vast literature on tests of normality and their statistical properties (for example Anderson and Darling (1952) , Shapiro and Wilk (1965) , Lilliefors (1967) , Jarque and Bera (1980) , D`Agostino (1986) , Thode (2002) , Gel, Miao and Gastwirth (2006) , Gel and Gastwirth (2007) etc.) . Therefore, we can used formal testing procedures that have been proposed to test of normality, as well as ge neral goodness of fi t tests, plotting methods, outliers tests and other tests that are useful in detecting nonnormality in specialized situations. For example, today the most commonly used omnibus test against general alternatives is the Shapiro-Wilk test which is based on expected values of the normal order statistics. However, the most popular omnibus test in economic and fi nance is the Jarque-Bera test which is based on the third and fourth sample moments. Nevertheless we can used the other tests of normality -the D`Agostino test, the Anderson-Darling test, the Cramer-von Mises test, the Shapiro-Francia test, the Pearson chi-square test, the directed SJ test, the robust Jarque-Bera test or the Lilliefors (Kolmogorov-Smirnov) test which is the best known omnibus test based on empirical distribution function. This paper is divided into four parts. In part 1, the Jarque-Bera normality test and the robust Jarque-Bera normality test are described as well as the new robust normality tests are proposed. Part 2 deals with the gist of this paper -this part presents results of comparative power study of selected tests of normality. Consequently, we used these normality tests for testing of selected datasets of fi nancial time series. In part 3, results are discussed and confronted with previously published papers and results. The final part of this paper is the summary.
MATERIAL AND METHODS
The most widely used test against general alternatives is the Shapiro-Wilk test (Shapiro and Wilk (1965) ). In contrast, the tests of normality based on the third and fourth sample moments are not consistent against all alternatives. The most popular test based on the third and fourth sample moments in economics and fi nance is the Jarque-Bera test (Jarque and Bera (1980) ). The Jarque-Bera test is a goodnessof-fi t measure of departure from normality, based on the sample kurtosis and skewness. The Jarque-Bera test statistic (JB) is defi ned as 
is a sample estimate of the k-th population central moment for any positive integer k, X i for i = 1, …, n is a sample of in de pendent and identically distributed random variables, X is the sample estimate of fi rst population moment (sample mean), The Jarque-Bera test statistic follows asymptotically the chi-square distribution with two degrees of freedom and can be used to test the null hypothesis that the data are from a normal distribution. The null hypothesis is a joint hypothesis of the skewness being 0 and the excess kurtosis being 0. Under the null hypothesis of normality, the sample skewness and kurtosis are asymptotically normally distributed with covariance matrix defi ned as
. Now we can propose modifi cation of the JarqueBera test. The one possible approach is to use the median as an estimator instead of the mean in the classical JB test statistic. This leads to the modifi ed Jarque-Bera test (MJB). This is a special case of the class of MJB (i, j, k, l) test for i, j, k, l ∈ {0,1} proposed by Střelec and Stehlík (2008) . For instance MJB(1, 1, 1, 1) denotes the test where in all places of k μ of the Jarque-Bera test statistic the median is used instead of arithmetic mean. Consequently, the modifi ed Jarque-Bera test statistic is defi ned as is the sample estimate of the kurtosis. C 1 and C 2 are positive constants. We can obtain these constants from the Monte Carlo simulations. Therefore, we recommend C 1 = 18 and C 2 = 24. Consequently, the modifi ed Jarque-Bera test statistic follows asymptotically the chi-square distribution with two degrees of freedom, because sample skewness and kurtosis are asymptotically normally distributed.
Similarly, we can modify the robust Jarque-Bera test proposed by Gel and Gastwirth (2007) . The robust Jarque-Bera test statistic (RJB) is defi ned as 
is a sample estimate of the k-th population central moment for any positive integer k, X i for i = 1, …, n is a sample of in de pendent and identically distributed random variables, X is the sample estimate of fi rst population moment (sample mean),
is the average absolute deviation from the sample median (MAAD) proposed by Gastwirth (1982) , is the robust sample estimate of the kurtosis. C 1 and C 2 are positive constants. Gel and Gastwirth (2007) recommend on the basis of the Monte Carlo simulations C 1 = 6 and C 2 = 64. Consequently, the robust Jarque-Bera test statistic follows asymptotically the chi-square distribution with two degrees of freedom.
The modifi ed robust Jarque-Bera test (MRJB) used the median as an estimator instead of the mean in the classical RJB test statistics. This leads to the modi fi ed robust Jarque-Bera test. This is a special case of the class of MRJB (i, j, k, l) test for i, j, k, l ∈ {0, 1} proposed by Střelec and Stehlík (2008) . For instance MRJB(1, 1, 1, 1) denotes the test where in all places of k μ of the robust Jarque-Bera test statistic the median is used instead of arithmetic mean. Consequently, the modifi ed robust Jarque-Bera test statistic is defi ned as 
is a sample estimate of the k-th population central moment for any positive integer k, X i for i = 1, …, n is a sample of in de pendent and identically distributed random variables, M is the sample median, J n is the average absolute deviation from the sample median (MAAD), is the robust sample estimate of the kurtoComparison of power of modifi ed Jarque-Bera normality tests and selected tests of normality 139 sis. C 1 and C 2 are positive constants. We can obtain these constants from the Monte Carlo simulations. Therefore, we recommend C 1 = 18 and C 2 = 58. Consequently, the modifi ed robust Jarque-Bera test statistic follows asymptotically the chi-square distribution with two degrees of freedom, because sample skewness and kurtosis are asymptotically normally distributed.
To compare performance of the modifi ed JarqueBera and the modifi ed robust Jarque-Bera tests to existing tests of normality, in particular, the JarqueBera test (JB), the robust Jarque-Bera test (RJB), the Shapiro-Wilk test (SW), the Shapiro-Francia test (SF), the D`Agostino test (DT), the Anderson-Darling test (AD), the Cramer-von Mises test (CM), the Pearson chi-square test (PT), the directed SJ test (SJ) and the Lilliefors (Kolmogorov-Smirnov) test (L(KS)), we carry out a simulation study. Number of Monte Carlo simulations is 10,000.
RESULTS
Tab. I shows the size of the JB, MJB, RJB and MRJB tests for various sample sizes and α = 0.05 based on 10,000 Monte Carlo simulations. Jarque-Bera (RJB) Tab. II-V show power of the selected tests of normality for sample sizes n = 25, 50, 100 and 200, respectively. Consequently, Tab. VI and Fig. 1 contain comparison of power of selected normality tests. As can been seen from the tables II-VI, the ranging of considered completing tests depends heavily on the type of tails. In the case of light tailed alternatives (e.g. exponential, lognormal, gamma distributions) the best test is the SW test and the worst is the directed SJ test, while the heavy tailed alternatives (Cauchy, Laplace, t 3 , t 5 and logistic distributions) give two situation: the best one test for the most heavy tailed distributions (e.g. Cauchy, Laplace and t 3 ) is the SJ test and for a slightly less heavy tailed alternatives (e.g. logistic and t 5 distributions) is the best one the RJB test. The worst one for heavy tailed alternatives is the PT test. For (very) short tailed alternative distributions as beta distribution and uniform distribution is the best one the DT test and the worst one is the SJ test. Jarque-Bera (RJB) 
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Now we focus to comparison of power of the JB, MJB, RJB and MRJB tests. The MJB and MRJB tests outperform the classical JB and RJB tests for light tailed skewed alternative distributions (e.g. exponential, lognormal and gamma distributions), especially in small sample sizes. The MJB test shows higher power than the JB test in detecting the exponential, lognormal and gamma distributions in samples of size 25-50. In contrast, the MRJB test shows higher power than the RJB test in detecting the exponential, lognormal and gamma distributions in samples of size 25-75. On the other hand, the JB and RJB tests show equal or higher power than the MJB and MRJB tests for these alternatives in large sample sizes.
For heavy tailed symmetric distributions (e.g. Cauchy, Laplace, t 3 , t 5 and logistic distributions) the MJB and MRJB tests are equal or slightly less powerful than the JB and RJB test, especially in small and moderate sample sizes (25 ≤ n ≤ 100). Jarque-Bera (RJB) Number of Monte Carlo simulations is 10,000. Number of Monte Carlo simulations is 10,000.
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Now we focus our attention to comparison of power of the JB and MJB tests vs. the RJB and MRJB tests. The JB and MJB tests show higher power than the RJB and MRJB tests for short tailed and skewed alternative distributions (e.g. exponential, lognormal, gamma, beta and uniform distributions). In contrast, the JB and MJB tests are less powerful than the RJB and MRJB tests for heavy tailed alternative distributions (e.g. Cauchy, Laplace, t 3 , t 5 and logistic distributions). Finally, the RJB and MRJB tests should be useful tests of normality for heavy tailed alternatives, but the directed SJ test shows higher power than the RJB and MRJB tests and might be preferred.
Next the MJB and MRJB tests will be used for normality testing of several datasets of fi nancial time series. Source data include logarithmic returns of monthly average prices of Prague stock exchange index PX and monthly average prices of CZK/EUR exchange rate in the period from 2000 to 2007. Tab. VII contains the basic sample characteristics and Fig. 2 presents histogram and QQ-plot of these fi nancial time series. 50, 75, 100, 125, 150, 175 and 200 the Pearson chi-square test (PT), the directed SJ test (SJ), the D`Agostino test (DT), the Jarque-Bera test (JB), the modifi ed Jarque-Bera test (MJB), the robust Jarque-Bera (RJB) and the modifi ed robust JarqueBera test (MRJB). Jarque-Bera (RJB) We can see that the null hypothesis of logarithmic returns of monthly average prices of Prague stock exchange index PX and CZK/EUR exchange rate are not rejected at the 5% signifi cance level. We can also see that the RJB and MRJB tests show higher p-va lues than the JB and MJB tests. It may be given by outlying observations (see Fig. 2 -QQ plot) . The JB test shows higher p-values than the MJB test and the RJB test shows higher p-values than the MRJB test, respectively. Logarithmic returns of monthly ave ra ge prices of PX and CZK/EUR may be heavy tailed distributed, because for heavy tailed distributions (e.g. Cauchy, Laplace, t 3 , t 5 and logistic distributions) the MJB test is equal or slightly less powerful than the JB test and the MRJB test is equal or slightly less powerful than the RJB test, respectively, especially in small and moderate sample sizes (see above).
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DISCUSSION
In this paper we modifi ed the classical Jarque-Bera test proposed by Jarque and Bera (1980) and the robust Jarque-Bera test proposed by Gel and Gastwirth (2007) .
We can compare our simulation results with the results of the other studies. For example Gel and Gastwirth (2007) present the results of the simulation study to compare power of the JB, RJB, SJ and SW tests of normality. They found that the new RJB test performs better than the other tests in detecting heavy tailed alternatives such as t-distribution with three and fi ve degrees of freedom and the logistic distribution, especially in small and moderate sample sizes (n ≤ 70). By contrast, for the double exponential (Laplace) and Cauchy distributions, the directed SJ test performs better than the other tests, especially in small and moderate sample sizes, again. In all these cases the new RJB test is noticeably more powerful than the JB and SW tests. For the contaminated normal distribution, the JB and RJB tests show similar performance results. On the other hand, the SW and SJ tests are less powerful than the JB and RJB tests. For the exponential distribution the best per forman ce is shown by the SW test followed by the JB and RJB tests. The SJ test does not perform well for exponential distribution. Consequently, JB and SW tests perform better than the SJ and RJB tests in detecting exponential distribution. Gel and Gastwirth (2007) also conclude that the loss in power in detecting the exponential distribution is less than the gain in power for other deviations from normality.
Our results of the JB, MJB, RJB, MRJB, SJ and SW tests correspond with these results. The JB and MJB tests show higher power than the RJB and MRJB tests for short tailed and skewed alternative distributions (e.g. exponential, lognormal, gamma, beta and uniform distributions) and, in contrast, the JB and MJB tests are less powerful than the RJB and MRJB tests for heavy tailed alternative distributions (e.g. Cauchy, Laplace, t 3 , t 5 and logistic distributions).
SUMMARY
This paper deals with comparison of power of modifi ed Jarque-Bera normality tests and selected tests of normality. We modify the classical Jarque-Bera test (JB) and the robust Jarque-Bera test (RJB) -we use the median as an estimator instead of the mean in the classical Jarque-Bera test statistic and in the robust Jarque-Bera test statistic. This leads to the modifi ed Jarque-Bera test (MJB) and the modifi ed robust Jarque-Bera test (MRJB). On the basis of Monte Carlo simulations we can concluded that the MJB and MRJB tests outperform the classical JB and RJB tests for light tailed skewed alternative distributions (e.g. exponential, lognormal and gamma distributions), especially in small sample sizes. For heavy tailed symmetric distributions (e.g. Cauchy, Laplace, t 3 , t 5 and logistic distributions) the MJB test is equal or slightly less powerful than the JB test and the MRJB test is equal or slightly less powerful than the RJB test, respectively, especially in small and moderate sample sizes. The JB and MJB tests show higher power than the RJB and MRJB tests for short tailed and skewed alternative distributions (e.g. exponential, lognormal, gamma, beta and uniform distributions) and, in contrast, the JB and MJB tests are less powerful than the RJB and MRJB tests for heavy tailed alternative distributions (e.g. Cauchy, Laplace, t 3 , t 5 and logistic distributions). Finally, the RJB and MRJB tests should be useful tests of normality for heavy tailed alternative distributions, but the directed SJ test shows higher power than the RJB and MRJB tests and might be preferred for heavy tailed symmetric alternatives. Similarly, the JB and MJB tests should be useful normality tests for light tailed alternative distributions, but some tests, namely the Shapiro-Wilk test, the Shapiro-Francia test, the Anderson-Darling test and the Cramer-von Mises test, are more powerful than the JB and MJB tests and might be preferred for light tailed alternatives. For very short tailed alternative distributions as beta distribution and uniform distribution is the best one the D`Agostino test. The paper also deals with applications of selected normality tests on datasets of selected of fi nancial time series (e.g. logarithmic returns derived from average monthly prices of Praque stock exchange index PX and CZK/EUR exchange rate). Results show that hypothesis of normality was not rejected for these fi nancial time series, for the nominal level α = 0.05. The JB test shows higher p-values than the MJB test and the RJB test shows higher p-values than the MRJB test, respectively.
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SOUHRN
Srovnání síly modifi kovaných Jarque-Bera testů a vybraných testů normality Článek se zabývá srovnáním síly modifi kovaných Jarque-Bera testů a vybraných testů normality. Jarque-Bera test (JB) normality a robustní Jarque-Bera test (RJB) normality byly modifi kovány tak, že aritmetický průměr, jako výběrový odhad střední hodnoty, byl nahrazen výběrovým mediánem.
